Several authors have studied the nature and location of zeros of modular forms for the full modular group Γ and other congruence subgroups. In this paper, we investigate the zeros of certain quasimodular forms for Γ . In particular, we study the transcendence and existence of infinitely many Γ -inequivalent zeros of these quasi-modular forms. We also estimate the number of such zeros in Siegel sets, motivated by a recent work of Ghosh and Sarnak.
Introduction
Throughout the paper, Γ is the full modular group SL 2 (Z), k is an even integer and M k (Γ ) (resp. S k (Γ )) is the space of modular forms (resp. cusp forms) of weight k for Γ .
For z ∈ H := {z | (z) > 0} and k 2, define the Eisenstein series of weight k for Γ by 
is not a modular form though it plays a very significant role in the theory of modular forms. For example, it is required while studying the differential operator on modular forms or for the theory of l-adic modular forms (see [25] ). Recall that, though the Eisenstein series E 2 is a holomorphic function on H, periodic with period 1, holomorphic at ∞ but it does not transform correctly under S := 
In [13] , Kaneko and Zagier introduced the notion of quasi-modular forms, a generalization of the notion of modular forms, which includes the Eisenstein series E 2 . See [2, pages 58-59] for a detailed description. In [13] , Kaneko and Zagier proved that a quasi-modular form f for Γ of weight k and depth p can be written as
where z ∈ H, f i ∈ M k−2i (Γ ) for 0 i p and p ∈ N. We denote the space of quasi-modular forms of 
Theorem 1.1 (Ramanujan). The ring M * (Γ ) is closed under differentiation. In particular, one has
where f :=
sometimes called the Serre derivative, belongs to M k+2 (Γ ) (see [25] ). Hence one of the ways of generating quasi-modular forms for Γ is to take derivatives of modular forms of Γ . Recall that for
The focal point of our present work is to study the zeros of quasi-modular forms. Note that quasimodular forms are invariant under translation, hence it is sufficient to study their zeros in
Investigation of zeros of modular forms has been in the forefront of research for sometime. We refer to [5, 6, 12, 7, 9, 11, 16, 21, 19, 20, 22, 26] , where the location and distribution of zeros of modular forms have been studied.
In a recent work [1] , Basraoui and Sebbar show that E 2 has infinitely many Γ -inequivalent zeros in G. In this paper, we prove the following result about zeros of a large class of quasi-modular forms. Before we proceed further, recall that the standard fundamental domain for Γ is
where one studies the zeros of modular forms. In this paper, we prove It has been brought to our notice by the referee that in a recent work of Saber and Sebbar [24] , a stronger version of Theorem 1.3 is established albeit by different techniques.
In a different direction, we estimate the number of zeros of E k in the Siegel sets
Similar results for Hecke eigenforms have been proved by Ghosh and Sarnak [8] recently. Our approach is inspired by their methods. Before we proceed further, we need to introduce the notion of real zeros of E k in the spirit of Ghosh and Sarnak [8] . We call a z ∈ G to be a real zero of Finally, we investigate the algebraic nature of zeros of quasi-modular forms. Similar investigations for modular forms have been carried out by various authors (see [10, 11, 14, 15] , for instance). Here we prove the following. 
Here we discard the possibility of f (α) = 0 for a certain class of quasi-modular forms.
Preliminaries
We begin by fixing some notations. For z ∈ H, the modular invariant j-function is defined as
The function j is holomorphic on H, has a simple pole at infinity and is of weight zero. It is known from the classical theory of complex multiplication that if α ∈ H is a CM point (i.e. an algebraic number lying in the upper half plane which generates an imaginary quadratic field), then j(α) is an algebraic number, lying in the Hilbert class field of Q(α).
For non-CM algebraic points in H, Schneider [23] proved the following result:
Much later, Chudnovsky ([3] , see also [4] ) proved the following theorem.
Theorem 2.2 (Chudnovsky). If α ∈ H, then at least two of the numbers E
Finally, Nesterenko [17] provided a fundamental advance by generalizing the result of Chudnovsky.
Theorem 2.3 (Nesterenko). Let α ∈ H. Then at least three of the four numbers
are algebraically independent.
We note that the result of Schneider does not follow from the theorem of Nesterenko. As pointed out by Nesterenko [18, page 31], both his as well as Schneider's theorem will follow from the following conjecture:
Conjecture 2.4 (Nesterenko). Let α ∈ H and assume that at most three of the following five numbers
are algebraically independent. Then α is necessarily a CM point.
Proofs of Theorem 1.2 and Theorem 1.3
For an even integer k 4,
where
. We need the following lemmas to prove Theorem 1.2.
Lemma 3.1. Let k be an even integer. Then there exists a
where λ > 0 is a real number. We note that f k (λ) is real and continuous for all λ > 0. This is true because the Fourier coefficients of E k (z) are real and hence E k (z) is real valued and continuous on the half line
It is well known that for an even integer k,
Therefore to complete the proof of Lemma 3.1, we need to prove that there exists a λ 0
we see that
. Using the transformation formula for modular forms, we have 4) respectively. Now, using the transformation formula (3), one has 
is a double zero of E k . Also, we note that γ .
is a double zero of E k . Hence we can find a zero
Then by the mean value theorem there is a zero z = 1 2
which is not a zero of E k .
Next, let k ≡ 0, 4 (mod 6) be an integer. It follows from Lemma 3.1 and Lemma 3.2 that there exists a λ ∈ (0, λ 0 ) such that E k ( 1 2 + iλ ) = 0. In order to complete the proof, we need to show that E k ( 1 2 + iλ ) = 0. This is true since the zeros of the Eisenstein series E k are simple (see [21] for details) in these cases. This completes the proof of Theorem 1.2. 2
In order to prove Theorem 1.3, we need the following lemmas. 
Since by the given hypothesis f (α 1 ) = 0, we have c = 0. This implies that γ = ±T n for some n ∈ Z 
This implies that
i.e. α is a zero of f .
Part (ii): By the given condition and using the transformation formula (3), we have
Since f (α) = 0, we have f (γ .α) = 0. If not, by Lemma 3.3, γ = T n for some n ∈ Z which contradicts the assumption that ac = 0. Hence In this section, we discuss the zeros of E k in the sets F y . For real numbers k, y > 0, define 
Next assume that λ k. Then for any k t λ, one has
Now we assume that λ k 3/4 . Then for any t > 0, we have
and hence
Therefore, we have
This proves the lemma. 2 
Proof. The proof follows exactly as in Lemma 4.2. 2
As an immediate consequence to Lemma 4.2 and Lemma 4.3, we get the following corollary.
Corollary 4.4.
For real numbers k, y > 0,
For an even integer k 4, we define
as in Lemma 3.1. Also for any natural number n and real numbers α and y > 0, define
where e(n) := e
. We now have the following theorem. , we have
Here M = 2 δk log k and α is a real number. Again using Corollary 4.4, we see that
.
Note that
This implies that the above series converges faster than a geometric progression and hence is dominated by its first term. Thus we have
Using Corollary 4.3, we estimate
exactly as we estimate
and show that it con-
This completes the proof of the theorem. 2
If we choose y = y := k 2π with ∈ N in the above proposition, we get the following corollary: 
This completes the proof. 2
After these series of results, we can now give the proof of Theorem 1.5. Finally, using Theorem 4.5, we see that
Hence there are exactly − 1 zeros of E k in F y . Now we use Corollary 4.6 in order to derive a lower bound for the number of real zeros of E k in F y . First note that E k never changes sign on the vertical line (z) = 0. Next, we observe that the number of real zeros of E k on the vertical line (z) = 1/2 is at least the number of sign changes of (−1) Recall that
Now if E 2 (α) is algebraic, then from the above equation it follows that E 2 (α) is algebraic over Q(E 4 (α), E 6 (α)), a contradiction to Chudnovsky's theorem. Hence E 2 (α) / ∈ Q. Next if E 4 (α) is algebraic and E 4 (α) is non-zero, then as before E 2 (α) is algebraic over Q(E 4 (α), E 6 (α)) leads to a contradiction. This forces E 4 (α) = 0. But then E 6 (α) = 3E 4 (α) ∈ Q again leading to a contradiction to Chudnovsky's theorem. Hence E 4 (α) is transcendental.
We can argue as before to show that E 6 (α) is transcendental.
Next we want to show that E k (α) / ∈ Q for even integers k 8 when we have the additional condition that α is not Γ -equivalent to ρ. Suppose the contrary. Now by (2), we have 
